Abstract. Let N be an imaginary abelian number field. We know that h − N , the relative class number of N , goes to infinity as f N , the conductor of N , approaches infinity, so that there are only finitely many imaginary abelian number fields with given relative class number. First of all, we have found all imaginary abelian number fields with relative class number one: there are exactly 302 such fields. It is known that there are only finitely many CMfields N with cyclic ideal class groups of 2-power orders such that the complex conjugation is the square of some automorphism of N . Second, we have proved in this paper that there are exactly 48 such fields.
Introduction
Let N be an imaginary abelian number field of conductor f N , maximal real subfield N + , and relative class number h − N . It is known that h − N goes to infinity as f N approaches infinity, so that there exist only finitely many number fields N with h − N = 1 ([S1, Theorem 2]). It is interesting to find all imaginary number fields with relative class number one. Yamamura has determined all imaginary abelian number fields with class number one. One of the purposes of this paper is to prove the following: Theorem 1. There are exactly 302 imaginary abelian number fields with relative class number one: 243 out of them are non-cyclic number fields. Their degrees are less than or equal to 24 and their conductors are less than or equal to 65689. These fields are given in Table I. Louboutin [Lou1] has proved that there are only finitely many CM-fields N with cyclic ideal class groups of 2-power orders such that the complex conjugation is the square of some automorphism of N and he also proved that the relative class numbers of such fields are equal to 1 or 2. Furthermore he determined the non-quadratic imaginary cyclic number fields of 2-power degrees with cyclic ideal class groups of 2-power orders. Our second goal of this paper is to determine all imaginary abelian number fields with relative class numbers less than or equal to 4 such that the complex conjugation is the square of some automorphism of N : Table I . The imaginary non-cyclic abelian number fields with relative class number one. χ 7 (3) = e 2πi/6 , χ 13 (2) = e 2πi/12 , ψ 9 (2) = e 2πi/3
Type
Field
(1, 2), 3, 7 (1, 2), 3, 8 (1, 2), 3, 11 (1, 2) 3, 19 (1, 2), 3, 43 (1, 2), 3, 67 (1, 2), 3, 163 (1, 2) 4, 7 (1, 2), 4, 8 (1, 1), 4, 11 (1, 2), 4, 19 (1, 2) 4, 43 (1, 2), 4, 67 (1, 2), 4, 163 (1, 2), 7, 8 (1, 2) 7, 11 (1, 2), 7, 19 (1, 2), 7, 43 (1, 2), 7, 67 (3, 2) 7, 163 (1, 2), 8, 11 (1, 2), 8, 19 (1, 2), 8, 43 (1, 2) 8, 67 (1, 2), 8, 163 (3, 2), 11, 19 (1, 2), 11, 43 (3, 2) 4, 7 (1, 2), 3, 4, 8 (1, 2), 3, 4, 11 (1, 2) 3, 4, 15 (1, 2), 3, 4, 19 (1, 2), 3, 7, 8 (1, 2) 3, 7, 15 (1, 2), 3, 8, 15 (1, 2), 3, 11, 19 (1, 2) 3, 11, 24 (1, 2), 3, 11, 51 (1, 2), 4, 7, 19 (1, 2) 4, 7, 20 (1, 2), 4, 7, 52 (1, 2), 4, 8, 11 (1, 2) 4, 8, 20 (1, 1), 7, 8, 35 (1, 2) (2
Theorem 2. There are exactly 107 imaginary abelian number fields with relative class numbers ≤ 4 such that the complex conjugation is the square of some automorphism of N : 58 out of them are non-cyclic number fields. These fields are given in Table II . Type This paper is organized as follows. Section 2 reviews some of the standard facts on imaginary abelian number fields. In Section 3 we briefly sketch our method of computations. Throughout this paper the following notations will be used. For a number field K, let O K , C K , d K , h K and ζ K be the ring of integers, the ideal class group, the absolute value of discriminant, the class number and Dedekind zeta function of K, respectively. If K is abelian, let us denote by f K the conductor of K. If K is a CM-field, we will denote by 
Preliminaries
In this section we sum up some of the standard facts on imaginary abelian number fields which will be used in the sequel.
Proposition 1. (1) Let F be an imaginary abelian number field, χ F the group of primitive Dirichlet characters associated to F and χ
where 
Proposition 2. Let K be a CM-field of degree 2n.
(1) We have
(a) There exists a constant µ k > 0 such that for any abelian extension K/k of degree m unramified at all the infinite places we have
where
Proof.
(1) is the content of [W, Chapter 4] . (2) See [Lou2, Proposition A] or [LO, Proposition 9] . (3) is the content of Theorem 1, Corollary 2 and Theorem 11 in [Lou3] .
Proposition 3 ([Lou4, Lemma (b)]). Let K be an imaginary cyclic number field of degree 2 n , n ≥ 1. For a positive integer n we let ζ n be a primitive nth root of unity. Then, ω K = 2, except when K = Q (ζ 4 ) (in which case ω K = 4), or when 2 n + 1 is prime and K = Q (ζ 2 n +1 ) (in which case ω K = 2(2 n + 1)). (1) See [PK2] . (2) See [CK] .
Proposition 4. Let L be a CM-field. We denote by
i L/L + the homomorphism C L + → C L induced by mapping an ideal a to aO L . We write L = L + ( √ α) for some α ∈ O L + . (1) ([Ha, Satz 24]) If L is a cyclic number field, then Q L = 1. (2) ([Lem, Theorem 1]) Assume that ω L ≡ 2 mod 4. (a) If the principal ideal (α) is not a square of an ideal of O L + , then Q L = 1 and i L/L + is injective. (b) Assume that there is an ideal b in O L + such that (α) = b 2 . i) Q L = 2, if b is principal. ii) Q L = 1 and ker i L/L + = [b] , otherwise.
Main results
Let s be a positive integer, r a non-negative integer. For 1 ≤ i ≤ s let m i be a positive integer, for 1 ≤ j ≤ r let n j be a power of a prime number. Assume that m 1 ≥ m 2 ≥ · · · ≥ m s and n j < 2 ms for each j such that n j is a power of 2. The imaginary abelian field N is called of type (2 3.1. Proof of Theorem 1. In order to determine all imaginary abelian number fields with relative class number one we proceed as follows. Every imaginary abelian number field with relative class number one is a compositum of a finite number of distinct imaginary cyclic number fields with relative class number 1, 2, or 4. Since all imaginary cyclic number fields with relative class number ≤ 4 are known, there remain only finitely many computations to determine all imaginary abelian number fields with relative class number one ([S2] , [S3] , [A] , [MW] , [Lou5] , [PK1] , [PK2] , and [CK] ). Assume that N is an imaginary abelian number field of type (2
r ) with relative class number one. A primitive Dirichlet character will be called a character in brief. Let τ 1 , · · · , τ s be odd characters of order 2 mi , 1 ≤ i ≤ s, and let ϕ 1 , · · · , ϕ r be even characters of order n j , 1 ≤ j ≤ r, such that N is associated with the group
If n j is a power of 2, n j = 2 m , then the relative class numbers of the cyclic subfields associated with [HY1] , [HY2] and [HY3] . For other fields we use Proposition 4. In order to determine whether an ideal b is principal or not we use the function IdealIsPrincipal in KASH [KT] . By Proposition 1. (1) (2) The computation consists of two steps : (a) Determine all imaginary cyclic number fields of degree 12 with relative class numbers dividing 16 such that its quartic subfield can be embedded into a field N of type (4 * , 2) with h Mu, Corollary 1] , [HH, Lemma 10] or [T, Lemma 1]), we have
, 
